Abstract. We produce generalizations of Iwasawa's 'Riemann-Hurwitz' formula for number fields. These generalizations apply to cyclic extensions of number fields of degree p n for any positive integer n. We first deduce some congruences and inequalities and then use these formulas to establish a vanishing criterion for Iwasawa λ-invariants which generalizes a result of Takashi Fukuda et. al. for totally real number fields.
Introduction
Fix a rational prime p and an algebraic closure Q of Q. Let Q ∞ ⊆ Q denote the unique Z p -extension of Q. In particular, we have
where ζ p n denotes a primitive p n th root of unity. Following Iwasawa in [7] , we define a Z p -field to be a finite extension of Q ∞ . Equivalently, L is a Z p -field when L = lQ ∞ for some number field l, so here L is the cyclotomic Z p -extension of l. We define the ideal class group of a Z p -field L to be the quotient C L := I L /P L where I L is the group of invertible fractional ideals of the ring of integers O L in L and where P L ≤ I L is the subgroup of principal fractional ideals.
Theorem 1 (Iwasawa) . Let L be a Z p -field and let A L denote the p-primary part of the class group of L. Then there is an isomorphism of Z p -modules
where M has bounded exponent, i.e., p n M = 0 for some n. In fact, if we write L = lQ ∞ for some number field l, then the Iwasawa invariants λ(L/l), µ(L/l) for the Z p -extension L/l satisfy
In particular, this means that the vanishing of µ(L/l), as conjectured by Iwasawa, only depends on L, so we may write µ L = 0 to denote this.
Proof. See [5] and [6] .
In [7] , Iwasawa used the above structure thm and Galois actions on class groups to prove the following. where e(w) denotes the ramification index in L/K of a place w of L not lying above p and for i = 1, 2 we write h i for the F p -dimension of the cohomology group
The Euler Characteristic
We wish now to restate Iwasawa's formula (2.1) in a way which will lend itself more conveniently to generalization. Definition 3. Let G be a cyclic group of prime power order p n . Suppose M is a G-module. We define the Euler characteristic χ(G, M ) ∈ Z to be the exponent of p in the Herbrand quotient
when these quantities are finite.
Note that χ inherits the following properties (see [1] ) directly from the Herbrand quotient:
(1) χ is additive on short exact sequences of G-modules
These properties and the techniques of [7] can be used to derive the following computations.
where ord p (e(w/u)) is the p-adic order of the ramification index in L/K for a finite place w of L lying over a place u of K which does not lie over p. If, in addition, L/K is unramified at every infinite place, then
Corollary 5. We can restate Iwasawa's formula (2.1) as
In fact, we need not assume that L/K is unramified at the infinite places for Eq. (5.1) above to hold.
General Formulas
We will derive several generalizations of Iwsawa's formula, but first we need a couple of lemmas. The first lemma is inspired by the ideas of Heller and Reiner in [4] . Lemma 6. Let G = g ∼ = Z/(p n ) for some prime p and some positive integer n. Suppose M is a Z p G-module which is free of finite rank over Z p . Then there is a short exact sequence of Z p G-modules
Proof. Define
for some prime p and some nonnegative integer n. Suppose M is a Z p G-module which is free of finite rank over Z p . Then there is a sequence r 0 , . . . , r n of nonnegative integers such that for every subgroup
1 Recall that if M is an R-module (R a commutative ring with 1), we say a submodule N ≤ M is R-pure when rM ∩ N ⊆ rN for every r ∈ R.
Proof. We use induction on n and Lemma 6. If n = 0, then the proposition is clear with rank Zp (M N0 ) = rank Zp (M ) = r 0 . Now suppose n ≥ 1 and the proposition is true for n − 1. By Lemma 6, we have a short exact sequence of Z p G-modules
. By induction, there is a sequence r 0 , . . . , r n−1 of nonnegative integers such that for every subgroup
′ is Z p -free, and the multiplication by p map
which finishes the proof.
Now we compute the n + 1 unknown r i 's in Lemma 7 in terms of n + 2 arithmetic invariants consisting of Iwasawa lambda invariants and Euler characteristics of class groups.
Theorem 8. Let p be prime and K 0 ⊆ K 1 ⊆ . . . ⊆ K n be a tower of Z p -fields such that n ≥ 1 and for all i the extension
Proof. Theorem 2 implies µ K1 = · · · = µ Kn = 0 by induction. We apply Lemma 7 to the Z p G n -module A * Kn (the p-Pontryagin dual of the p-primary part of the class group), which is free of finite rank λ Kn over Z p . Thus there is a sequence of nonnegative integers r 0 , r 1 , . . . , r n such that for all i = 0, 1, . . . , n we have
Kn has finite kernel and cokernel by the snake lemma, so indeed
Corollary 9. Let p be prime and
where
Proof. It is clear that the statement holds when n = 0 and also when n = 1 by Iwasawa's formula, so we may assume n ≥ 2 and that the formula is valid for n − 1. Then by application of Theorem 8 to K n /K 0 and K n−1 /K 0 we get
and, in fact, this equation holds for n = 1 as well. Induction yields
as needed.
Corollary 10. Let p be prime and
Proof. We have
where the first equality follows from Corollary 9 and the second equality follows from induction on Iwasawa's formula (2.1).
Corollary 11. Let p be prime and K 0 ⊆ K 1 ⊆ . . . ⊆ K n be a tower of Z p -fields such that for all i the extension K i /K 0 is cyclic of degree p i . As above, write
Proof. For part (1), we only need to note that Eq. (9.1) in the proof of Corollary 9 implies
for all i = 1, . . . , n. To prove part (2), we note that
again by Theorem 8.
Remark 12. We can give a shorter, more direct proof of part (1) in Corollary 11 above. Namely, we apply Lemma 6 directly to get a short exact sequence
Now we relate the n Euler characteristics associated to subgroups (rather than quotients or subquotients) χ(N 0 , A Kn ), χ(N 1 , A Kn ), . . . , and χ(N n−1 , A Kn ) to the two lambda invariants λ Kn and λ K0 . The result is of a different nature since it involves non-integer coefficients.
Theorem 13. Let p be prime and K 0 ⊆ K 1 ⊆ . . . ⊆ K n be a tower of Z p -fields such that for all i the extension K i /K 0 is cyclic of degree p i . Suppose µ K0 = 0. Then µ K1 = · · · = µ Kn = 0 and
Proof. We may assume n ≥ 2 since the n = 0 case is clear and the n = 1 case is again a restatement of Iwasawa's formula. For each i ≥ 1, we apply Theorem 8 to the degree p i extension K n /K n−i to find
Now we multiply both sides of Eq. (13.1) by p((ip − i + p)(ip − i + 1)) −1 and sum over i, which gives
Now we cancel like terms and again apply Eq. (13.1) (with i = n) to conclude
which completes the proof.
An Alternative Proof of Lemma 7
Using a suggestion of Ralph Greenberg, we can use the structure thm for finitely generated Λ-modules to give a different proof of Lemma 7.
Theorem 14. Let M be a finitely generated Λ-module. Then there is a Λ-module homomorphism
such that ker(θ), coker(θ) are finite and where each f i (T ) ∈ Z p [T ] is irreducible with f i (T ) ≡ power of T (mod p).
We will see that Lemma 7 follows as an easy corollary of the following lemma.
Lemma 15. Let G = g ∼ = Z/(p n ) for some prime p and some nonnegative integer n. Suppose M is a Z p G-module which is free of finite rank over Z p . There is an injective Z p G-module homomorphism with finite cokernel
for some nonnegative integers r 0 , . . . , r n where each Z p [ζ p i ] has Z p G-module structure given by
Proof. We know
with Z/(p m ) = g m written multiplicatively, so Z p G is a quotient ring of Λ. In this way, every Z p G-module is a Λ-module with T acting as g − 1, so Theorem 14 implies there is a Λ-module homomorphism
such that ker(θ), coker(θ) are finite and where each f i (T ) ∈ Z p [T ] is irreducible with f i (T ) ≡ power of T (mod p). Immediately, we see that ker(θ) = 0 and r = t = 0 since M is free and finitely generated over Z p . Since (T + 1)
mi must be a divisor of (T + 1)
Remark 16. Let M, G = g ∼ = Z/(p n ) be as in Lemma 15. We can now give another proof of Lemma 7. Observe that if C is a finite Z p G-module, then χ(N i , C) = 0 and rank Zp (C Ni ) = 0 for all i ∈ {0, . . . , n} where (as in Lemma 7) N i = g p i . Thus since χ and rank Zp are additive on short exact sequences, we see that it suffices to note the following computations:
Remark 17. The proof of Lemma 15 and Theorem 8 show more than just formulas for Euler characteristics and lambda invariants. Indeed, they show a statement about representations. The proof is straightforward, so we shall forego it here.
and let π Kn/K0 be the corresponding representation. Then we have an isomorphism of Q p -representations (with the appropriate interpretation for negative coefficients)
where π Gn is the regular representation and π d is the unique faithful, irreducible representation of degree d ∈ {ϕ(p), ϕ(p 2 ), . . . , ϕ(p n )}. Comparing the degrees of both sides of the isomorphism recovers Corollary 9.
Vanishing Criteria for Iwasawa Lambda Invariants
In this section we give a couple of generalized vanishing criteria for Iwasawa lambda invariants. The criteria will apply to certain cyclic extensions of Z p -fields of degree p n and will generalize the results found in [2] of Fukuda et al. We need a couple of lemmas.
There is a short exact sequence of Z p G-modules
and I
This completes the proof since
Now we can state and prove the first vanishing criterion.
Theorem 20. Let L/K be a cyclic p-extension of Z p -fields which is unramified at every infinite place with G = Gal(L/K). Suppose µ K = 0. Then λ L = 0 if and only if the following three conditions hold: (1) is obviously necessary for λ L = 0, so we will assume λ K = 0 and must now show that λ L = 0 ⇔ conditions (2) and (3) hold. Consider the tower
and Lemma 4 imply
To derive our next lemma and establish the second vanishing criterion, we state the following result. A proof can be found, for example, in [3] .
Theorem 21. Let l/k be a Galois extension of number fields with G = Gal(l/k). Then there is an exact sequence of abelian groups
is the subgroup of C G l generated by classes of G-fixed ideals, the direct sum ranges over all finite places v of k having ramification index e(w/v) with w a place of l lying over v, and J l/k : C k → C l is the natural map sending the class [I] of an ideal I to the class [O l I]. Further, if G is cyclic and l/k is unramified at every infinite place, then
Lemma 22. Let L/K be a cyclic p-extension of Z p -fields which is unramified at every infinite place. Suppose K = kQ ∞ is the cyclotomic Z p -extension of a number field k such that p does not divide the class number of k and k has only one prime lying above p. Then
Proof. Here we generalize the method of proof found in [2] , where the result is proved in the case that L is totally real and [L : K] = p. First, note that if p is the unique prime ideal of k lying over p, then p n /p is totally ramified in k n /k and p does not divide the class number of k n for all nonnegative integers n. Thus using Theorem 21 on the extension k n /k m we find that for all nonnegative integers m, n with m ≤ n On the other hand, letting s n be the number of ramified primes of k n in l n /k n and s ∞ < ∞ be the number of ramified primes of K in L/K, we see that Theorem 21 applied to the extension l n /k n with Gal(l n /k n ) ∼ = Gal(L/K) ∼ = Z/(p d ) gives for m ≤ n. These maps have the property that N kn/km • ρ kn/km is the exponentiation by p n−m map when the groups are written multiplicatively. Thus when n − m ≥ d(s ∞ − 1) the composition N kn/km • ρ kn/km is the trivial map, but N kn/km is an isomorphism for sufficiently large m, so ρ kn/km is the trivial map when m is sufficiently large and n ≥ m + d(s ∞ − 1). Therefore
Now we are ready to give the more specialized and easily applicable vanishing criterion.
Theorem 23. Let L/K be a cyclic p-extension of Z p -fields which is unramified at every infinite place. Suppose K = kQ ∞ is the cyclotomic Z p -extension of a number field k such that p does not divide the class number of k and k has only one prime lying above p. Then λ L = 0 if and only if, for all prime ideals p of K which ramify
